
Lesson 7 
Integral Calculus 
Antiderivatives 

 
Definition:  A function F is an antiderivative of f if and only if: 
 
    )()( xfxF =′  
 
The family of antiderivatives of a function f is denoted by: 
 
     ∫= dxxfxF )()(  
Or, 
     ∫ ′= dxxfxf )()(  

The notation is a little difficult to follow.  Consider this example:  

2)( 2 +==′ x
dx
dyxf  

We could otherwise write this using the slope-point equation of a line.  The change in y is 
equal to the rate of change in y given a change in x, times the change in x: 

  dxxdy )2( 2 +=  

Now, if we integrate both sides, the left side with respect to y and the right side with 
respect to x we get: 

  ∫ ∫ += dxxdy )2( 2  

On the left hand side, as you will see, via the rules of integration, we end up with: 

  ∫ = ydy1  

So that, 

  ∫ += dxxy )2( 2  

In general then, 

 ∫ ′== dxxfxfy )()(  



Consider the following table: 
 

f( x ) x2 – 4.3 x2 – 1 x2 x2 – 3047 
f ‘( x ) 2x 2x 2x 2x 

 
Rule:  If  F’ = f and G’ = f, then G = F + c or G – F = c where c is some constant.  

All antiderivatives of a function differ by an additive constant, i.e. if you 
know one  antiderivative you know them all. 

 
Consider the model of position, time, and velocity.  If two particles have the same 
velocity at every instant, then the distance between them is unchanging, i.e constant. 
 
Ex. 1:   If f ( x ) = 2x, then F( x ) = ∫ += cxxdx 22  
 
Finding antiderivatives is the reverse of differentiating. 
 
Rule 1:  If k is a constant, then ∫ += ckxkdx  

Rule 2:  ∫ +
+
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Rule 3:  ∫ +=− cxdxx )ln(1  

Rule 4:  ∫ +=′⋅ cedxxfe xfxf )()( )(  

Rule 5:  If k is a constant, then ∫ ∫= dxxfkdxxkf )()(  

Rule 6:  ∫ ∫ ∫±=± dxxgdxxfdxxgxf )()())()((  

Rule 7:  ∫ += ck
k

dxk xfxf )()(
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Rule 8:  ∫ += cxfdx
xf

))(ln(
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Integration by Parts: ∫∫ ⋅′−⋅=′⋅ )()()()()()( xgxfxgxfxgxf  

 
Be careful:  
 
   ∫ ∫∫ ⋅≠⋅ dxxgdxxfdxxgxf )()())()((   
 
Ex. 2:  ∫ +−=− cxdx 77  
   
Ex. 3:  ∫ =dx3.4  
 
 



 

Ex. 4:  cxdxx +=∫ 32
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Ex. 5:  ∫ =dxx3  
 
 
 
 
Ex. 6:  ∫ =dxx  
 
 
 
 
Ex. 7:  ∫ =dxx4  
 
 
  
   

Ex. 8:  ∫ =dx
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Ex. 9:  cedxedxe xxx +=⋅⋅= ∫∫ 333 3
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Ex. 10:  ∫ =dx
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Ex. 11:  ∫ =dxx52  
 
 
 



 
Ex. 12:  ∫ =+−+ dxxxx )8752( 23  
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Ex. 14:  ∫ =dxe x2

 
 
 
 
 
Ex. 15:  ∫ =dxxe x2

 
 
 
 
 
Ex. 16:  ∫ =+ dxe x 14  
 
 
 
 

Ex. 17:  =⋅+⋅=+ ∫∫ dxxdxx 5)75(
5
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Ex. 18:  ∫ =+ dxxxx 243 )32(  
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Ex. 21:  ∫ =dx
x
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Ex. 22:  ∫ =dxx)ln(  
 
 
 

Ex. 23:  ∫ =
−
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Ex. 24:  ∫ =− dxx3 21  
 
 
 
 
 
 
Ex. 25:  ∫ =dxx32  
 
 
 
 
 
 
Example: A particle is moving so that a t tt = − +60 12 43  and V0 10=  and s0 8= .  
   What is the position at t = 2. 
  



       V
t t

t c t t t ct = − + + = − + +
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4
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4 2  

 Now,     
   ( ) ( )10 15 0 6 0 4 0 100

4 2= = − + + = ⇒ =V c c c( )  
 So,         
   V t t tt = − + +15 6 4 104 2  
 Now,     

   s
t t t

t ct = − + + +
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             s t t t t ct = − + + +3 2 2 105 3 2  
 So,        
   ( ) ( ) ( ) ( )8 3 0 2 0 2 0 10 00

5 3 2= = − + + + =s c c  
 And,     
   s t t t tt = − + + +3 2 2 10 85 3 2  
 Whence, 
   ( ) ( ) ( ) ( )s2

5 3 23 2 2 2 2 2 10 2 8 116= − + + + =  
 
Example: If ( )′ = −f x x2 2  and ( )1 1,−  is on the graph of f, then find f. 
  
 
 
 
 
 
 
 
  
 



Definition:  If all else fails, use integration by parts: 
  
      gfgfgf ⋅+⋅′=′⋅ )(  
 
     If must be the case then that: 

 
    ∫ ∫ ′⋅+⋅′=′⋅ dxgfgfdxgf )()(  

  
     So, 
 
      ∫∫ ′⋅+⋅′=⋅ dxgfgdxfgf  
   
     And, 
   
      ∫∫ ⋅′−⋅=′⋅ gdxfgfdxgf   
 
Example:  ∫ =dxxex  
 
 
 
 
 
 
 
 
Example:    ∫ dxxx )ln(  
 

 
 
 
 
 
 
 
 
 
 



Project 7 
 
For each of the following functions , f, find the family of antiderivatives , f∫  

 1. y x= 43  

 2. y x
x

= −5
29

7  

 

 3. y
x x

x
=

+ +2 2 1
 

 
 4. ( )y x x x= −3 2  
 
 5. y x= 1 7  
 
 6. y e x= −4 6  
 
 7. ( )y x= −3 1 4  
 

 8. ( )y x x= +3 22
2

3  
 

 9. ( )y x
x

= ln .
1

 

 

 10. y
x

x
=

+
3

1 2

2

3  

 
 11. y x ex= +2 13

 
 
 12. ( )y x= 17.  
 

 13. y
e

e

x

x=
+1

 

 
 14. y x= +.3 4  
 
 15. If the velocity of a particle is given by V tt = 4  and s0 10=  then find s8 , the 
position at t = 8. 
 
 16. If ′′ = −f x( ) 32 and ′ =f ( )1 12  and f ( )2 36=  then find f(3). 
 



 17. Use integration by parts to find ( )x x∫ ln  
 
 18. Use integration by parts and the fact that ln(x)=1·ln(x) to find  ln( )x∫ . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


